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Abstract 

Langevin dynamics extends molecular dynamics to allow for solvent effects like frictional jostling of 

molecules and occasional high velocity collisions of molecules. This experiment aimed to study the 

one-dimensional motion of a particle in the Lennard-Jones potential. Using the velocity Verlet 

algorithm the trajectory of a particle in this system will be found. I attempted to show that the 

motion of a particle in this system is periodic and thus obeys the law of the conservation of energy. 

However, due to a systematic error the trajectory was found to be divergent. The average velocity of 

the particle in this system was found to be (−3.73 ± 0.43) x10−4𝑚/𝑠 with a calculated observed 

temperature of 7.45x1022K. The potential of mean force of the system was also found and 

compared to the Lennard-Jones potential. Results from this paper seem to prompt for further 

research into the limitation of algorithms that can be used to solve the Langevin equations of 

motion. 

Keywords: Langevin dynamics; velocity Verlet algorithm; Brownian motion; Lennard-Jones potential. 

1 Introduction 

Langevin dynamics is a method of describing the motion of Brownian particles [1]. Paul Langevin 

provided an alternative to Newtonian dynamics that could model Brownian particles in a fixed 

potential by introducing a stochastic force which accounted for omitted degrees of freedom [2]. A 

molecular system in the real world is unlikely to be present in a vacuum. Hence, there are other 

factors that influence the system. Jostling of solvent air molecules causes friction and the occasional 

high velocity collision will perturb the system [3]. Langevin dynamics therefore extends molecular 

dynamics to allow for these effects through the use of a stochastic time dependent force which can 

be used to simulate the time evolution of molecular systems [4]. The one-dimensional motion of 

these Brownian particles will be studied under the influence of the Lennard-Jones potential. 

This experiment aims to model the Brownian particles in the Lennard-Jones potential using the 

velocity Verlet algorithm to show that the trajectory is periodic in order to obey the conservation 

law of energy. Finding the trajectory of the particle will allow the position and velocity distribution 

histograms to be studied. Through position histogram analysis from this simulation the potential of 

mean force can be found. This will then be compared to the Lennard-Jones potential function.  

2 Theory 

2.1 Background of Langevin Dynamics  

Brownian motion was first discovered in 1827 by botanist Robert Brown. While studying pollen 

particles floating in water Brown observed particles in the pollen grains executing a jittery random 

motion [5]. However, the origin of this motion remained unknown. The explanation of this Brownian 

motion was first given quantitatively by Einstein and Smoluchowski in 1905 [6] [7]. Both Einstein and 

Smoluchowski explained the motion in detail by accurately predicting the irregular, random motions 

of the particles [8]. Later that year, Jean-Baptiste Perrin then verified experimentally Einstein’s 

explanation of Brownian motion [9]. However, Einstein’s theory despite being experimentally 

verified seemed far removed from the Newtonian dynamics of particles [10]. It was Langevin who in 

1908 introduced the concept of the equation of motion of some random variable (in this case a 

Brownian particle) [11]. Langevin was able to bridge the gap from Newtonian dynamics to Einstein’s 

theory by splitting the force felt by Brownian particles in two: one part being the Stoke’s drag and 

the other part being a random time dependent force that represents the collisions of the atoms [12].  
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2.2 Langevin Equation 

The theory proposed by Langevin lead to a stochastic differential equation of motion that 

mathematically describes the forces experienced by a Brownian particle [2]. In our case we assume 

the particle of mass m with position coordinate x=x(t) is acting under the influence of a fixed 

potential. The resulting Langevin equation is: 

                                                  𝑚𝑥̈ = −
𝜕𝑈(𝑥)

𝜕𝑥
−  𝛾𝑚𝑥̇ + √2𝛾𝑘𝐵𝑇𝑚  𝑅(𝑡)                                (𝑒𝑞𝑛 1) [13] 

U(x) is the particle interaction potential and so its negative derivative is the force calculated from the 

particle interaction potential. The dot is a time derivative so that 𝑥̇ is the velocity and 𝑥̈ is the 

acceleration. T is the temperature, 𝑘𝐵 is Boltzmann’s constant and 𝛾 is the frictional damping 

constant. The function R(t) is a delta correlated stationary Gaussian process with zero mean, 

satisfying the following equations where 𝛿 is the Dirac delta [14]: 

                                                                             〈𝑅(𝑡)〉 = 0                                                                        (𝑒𝑞𝑛 2) 

                                                                  〈𝑅(𝑡)𝑅(𝑡′)〉 = 𝛿(𝑡 − 𝑡′)                                                          (𝑒𝑞𝑛 3) 

2.3 Lennard-Jones Potential 

We will observe Brownian particles in the Lennard-Jones potential. The Lennard-Jones potential was 

initially proposed by Sir John Edward Lennard-Jones in 1924 to describe the cohesive energy of 

crystals of argon [15]. The now conventional Lennard-Jones potential was later proposed in 1931 

after he had derived that the dispersion interaction between atoms decays as 𝑟−6 [16]. Thus, the 

Lennard-Jones potential describes the potential energy of interaction between two non-bonding 

atoms or molecules based on their distance of separation [17]. The Lennard-Jones potential is given 

by the formula: 

                                                           𝑈(𝑟) = 4𝜀 [ (
𝜎

𝑟
)

12

−  (
𝜎

𝑟
)

6

 ]                                                         (𝑒𝑞𝑛 4) 

where 𝜀 denotes the depth of the well and 𝜎 is the interparticle distance where the potential 

changes sign [18]. In our experiment the energy unit will be set equal to the characteristic thermal 

energy 𝑘𝐵𝑇 = 1, so that both 𝜀 and 𝜎 will be equal to 1.  

 

Figure 1 – Graphical representation of the Lennard-Jones Potential [19]. This figure shows the 

attraction between non-ionic particles denoted by the 𝑟−6 dependence and the repulsion between 

non-ionic particles denoted by the 𝑟−12 dependence. We can also see the effect of the parameters 𝜀 

and 𝜎.  
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2.4 The Equipartition Theorem  

The equipartition theorem relates the temperature of a system to the average energies of the 

system. More specifically the equipartition theorem of energy states that molecules in thermal 

equilibrium contain the same level of average energy with each independent motional degree of 

freedom [20]. The equipartition theorem can be written as: 

                                                                        〈
1

2
𝑚𝑣2〉 =

𝑑

2
𝑘𝐵𝑇                                                         (𝑒𝑞𝑛 5) [21] 

where the brackets 〈 − 〉 represents the average value. The constant 𝑘𝐵 is the Boltzmann constant 

and m is the mass of the particle. T is the temperature of the system; v is the velocity of the particles 

and d represents the degrees of freedom of the system [21].    

In our experiment the one-dimensional motion of a particle in the Lennard-Jones potential will be 

studied. Thus, 1 degree of freedom is assumed for this system.  

2.5 The Potential of Mean Force 

The free energy changes as a function of reaction coordinates [22]. In our experiment we study the 

distance between two particles as the reaction coordinate. When a molecular system is in a solvent, 

the potential of mean force incorporates solvent effects as well as the intrinsic interaction between 

the two particles dictated by the interaction potential [23].  

Using the separation between two particles as the reaction coordinate the potential of mean force 

can be expressed as: 

                                                                𝑈𝑃𝑀𝐹 = −𝑘𝐵𝑇 𝑙𝑛(1 + ℎ(𝑟) )                                                     (𝑒𝑞𝑛 6) 

Where h(r) is the position distribution function [24].  
 

3 Computational Methods 

The velocity Verlet algorithm will be used to model the particles motion whilst also calculating the 

velocity for each timestep. Langevin dynamics along with the Lennard-Jones potential will be used to 

find the acceleration term within our algorithm.  

3.1 General Velocity Verlet Algorithm   

Langevin’s equation of motion can be solved numerically to produce trajectories of the system [25]. 

The velocity Verlet algorithm is one of the most popular algorithms to solve the system of first-order 

differential equations provided by Langevin dynamics due to its simplicity. This algorithm is written 

as: 

                                                            𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝑛𝛥𝑡 +
1

2
(𝛥𝑡2) 𝑎𝑛                                          (𝑒𝑞𝑛 7) [26] 

                                                            𝑣𝑛+1 = 𝑣𝑛 +
1

2
(𝑎𝑛 + 𝑎𝑛+1) 𝛥𝑡                                            (𝑒𝑞𝑛 8) [26] 

where x is the particle’s position coordinate, v is the particles velocity and a is the particles 

acceleration. The timestep of the algorithm is displayed by 𝛥𝑡.  
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3.2 Acceleration Term using Langevin Dynamics 

The acceleration term in our velocity Verlet algorithm will be derived using Langevin dynamics 

outlined in section 2.2. The energy unit was set equal to the characteristic thermal energy. This 

implies that 𝑘𝐵𝑇 = 1 which means 𝜀 = 1. Therefore, 𝜎 = 1 and the mass of the particle is equal to 

1. This particle is assumed to be under the influence of the Lennard-Jones Potential which means the 

partial derivative of equation 4 can be put into equation 1.  

Hence, equation 1 can be rewritten as: 

                                                  𝑎𝑛 =  
48

  𝑥𝑛
13

−
24

  𝑥𝑛
7

−  𝛾𝑣𝑛 + √2𝛾 𝑅𝑛(𝑡)                                (𝑒𝑞𝑛 9) [13] 

where we assume the damping constant 𝛾 is at its optimal value of 1.8 [27]. The stochastic term R(t) 

is a constant that depends on the input time. It accounts for the random high velocity collisions that 

perturb the system. The “stochastic” package is used to plot a Gaussian Noise process [28]. The 

properties of this function outlined by equation 2 and 3 is verified in section 4.1.  
 

 
 

Figure 2 – Implementation of the stochastic package to find specific values of the stochastic term for 

different times. The times() method is utilised in this code as it is particularly useful for plotting the 

samples obtained by the noise process which is useful in understanding the values given by the noise 

process [28].  

3.3 Implementation of Velocity Verlet Algorithm  

The velocity Verlet algorithm can be easily extended to Langevin dynamics by using equation 9 in 

both equation 7 and 8. This results in: 

  

                          𝑥𝑛+1 = 𝑥𝑛 + 𝑣𝑛𝛥𝑡 +
1

2
 (

48

  𝑥𝑛
13

−
24

  𝑥𝑛
7

−  𝛾𝑣𝑛 + √2𝛾 𝑅𝑛(𝑡))                             (𝑒𝑞𝑛 10) 

                 𝑣𝑛+1 = 𝑣𝑛 +
1

2
(𝑎𝑛 +

48

  𝑥𝑛+1
13

−
24

  𝑥𝑛+1
7

− 𝛾𝑣𝑛+1 + √2𝛾 𝑅𝑛+1(𝑡 + 𝑑𝑡)) 𝛥𝑡            (𝑒𝑞𝑛 11) 

Equation 11 defines 𝑣𝑛+1 implicitly. Linear dependency allows for a solution for 𝑣𝑛+1 in closed 

explicit form [29]. Thus, equation 11 is rearranged to solve for 𝑣𝑛+1 and put in the velocity Verlet 

algorithm in our code. The velocity Verlet algorithm can be best summarised by a flow chart of the 

steps taken during the algorithm. Thus, the velocity Verlet algorithm can be run in the following way: 
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Figure 3 – Flow chart of the molecular system simulation using the velocity Verlet algorithm. Both 

the velocities and the positions are stored in lists. The loop is repeated for a desired number of steps 

that can be changed.  
 

3.4 Validation of the Velocity Verlet Algorithm  

Equation 9 will have velocity dependence and a random stochastic force however the algorithm can 

still be checked and validated using a simpler molecular system example. Therefore, to validate the 

velocity Verlet algorithm the dynamics of a classical one-dimensional simple harmonic oscillator can 

be simulated to show that the velocity Verlet algorithm produces the exact analytical solution of the 

system.  The potential of a harmonic oscillator is given by: 

                                                                         𝑉(𝑥) =
1

2
𝑘 𝑥2                                                           (𝑒𝑞𝑛 12) [30] 

Set the Initial Conditions of 

Position, x(0) and Velocity, v(0). 

Define the timestep, dt 

Calculate the next position, x(t+dt) and add to position list 

Calculate the next velocity v(t+dt) by using the new 

position, x(t+dt) and append new velocity to velocity list 

Update the time by adding the timestep to the previous time 

Reach the number of steps required? 

NO 

YES 

Print the position and velocity lists 

Update the position and velocity as the new position and new velocity 
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where k is a force constant that measures the stiffness of the spring and x is the displacement of the 

particle attached to the spring from its equilibrium position [30]. Applying Newton’s second law to 

the system results in an equation of motion of: 

                                                                     −
𝑑𝑉(𝑥)

𝑑𝑥
= 𝑚

𝑑2𝑥

𝑑𝑡2
                                                                 (𝑒𝑞𝑛 13) 

where m is the mass of the particle that the spring is attached to. This equation can be solved for the 

exact solution of the position of the particle using equation 12 as the potential of the harmonic 

oscillator. The velocity of the particle on the spring can be found by taking the derivative of the 

position solution. This results in a solution of: 

                                                                     𝑥(𝑡) = 𝐴𝑐𝑜𝑠(𝑤𝑡 + Φ)                                                (𝑒𝑞𝑛 14) [31] 

                                                                   𝑣(𝑡) = −𝑤𝐴𝑠𝑖𝑛(𝑤𝑡 + Φ)                                            (𝑒𝑞𝑛 15) [31] 

where 𝑤 = √
𝑘

𝑚
 is the angular frequency of the system [32]. Hence, both equation 14 and 15 are the 

exact analytical solutions of the equations of motions of the system of a simple spring harmonic 

oscillator system.  

Thus, using the velocity Verlet algorithm that was outlined in section 3.3 the solutions can be shown. 

The acceleration term changes from the expression given by equation 9. The acceleration term for 

this harmonic oscillator system is given by: 

                                                                                 𝑎 = −𝑘𝑥                                                                       (𝑒𝑞𝑛 16) 

due to the assumption that the particle has a mass of m=1. This means we have an acceleration term 

with explicit dependence on position. Applying the velocity Verlet algorithm outlined in figure 3 we 

find the following. 

 

Figure 4 – Shows the position solution of the one-dimensional harmonic oscillator using the velocity 

Verlet algorithm (blue) in comparison to the analytical solution (red) defined by equation 14. This 

example had an initial position of √2 with a timestep of 0.2 seconds. The particles motion is 

modelled for 50 steps.  
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Figure 5 – Shows the velocity solution of the one-dimensional harmonic oscillator using the velocity 

Verlet algorithm (blue) in comparison to the analytical solution (green) defined by equation 15. This 

example had an initial position of √2 with a timestep of 0.2 seconds. The particles motion is 

modelled for 50 steps.  

From visual inspection of figure 4 and figure 5 it is evident that the velocity Verlet algorithm matches 

the exact analytical solution of the harmonic oscillator example. This velocity Verlet algorithm had 

50 steps of a timestep of 0.2 seconds which is a smaller number of steps and timestep than we will 

do in our study of particles in the Lennard-Jones potential.  

3.5 Accuracy of Velocity Verlet Algorithm  

The error analysis of the velocity Verlet algorithm can be derived mathematically using the Taylor 

expansion of each new position and velocity [33]. This analysis is divided into 2 types of errors - a 

truncation error which is the error caused by one iteration and a global error which is the cumulative 

error caused by many iterations of the algorithm [34].  

3.5.1 Truncation Error 

The truncation error of the position can be found with the direct use of the Taylor expansion of 

𝑥(𝑡 + 𝛥𝑡) at 𝑥(𝑡) which gives the following equation [35]: 

                                        𝑥(𝑡 + 𝛥𝑡) = 𝑥(𝑡) + 𝑣(𝑡)𝛥𝑡 +
1

2
𝑎(𝑡)(𝛥𝑡)2 + 𝑂(𝛥𝑡3)                      (𝑒𝑞𝑛 17) [35] 

This is similar to equation 7 however this is explicitly time dependent and also includes the 

truncation error of the position which is 𝑂(𝛥𝑡3).  

The truncation error analysis uses the Taylor expansion of 𝑎(𝑡 +
𝛥𝑡

2
) and 𝑎(𝑡 + 𝛥𝑡) in the expansion 

of 𝑣(𝑡) and 𝑣(𝑡 + 𝛥𝑡). This results in the expression: 

                                          𝑣(𝑡 + 𝛥𝑡) = 𝑣(𝑡) +
𝛥𝑡

2
( 𝑎(𝑡) + 𝑎(𝑡 + 𝑑𝑡) ) + 𝑂(𝛥𝑡3)                 (𝑒𝑞𝑛 18) [36] 

It can be seen that the truncation error of the velocity is 𝑂(𝛥𝑡3).  
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3.5.2 Global Error  

The global error will give the cumulative error on both the position and velocity calculated by the 

velocity Verlet algorithm [37]. This will give us the error caused by many iterations of the algorithm. 

Considering equations 17 and 18 the following equations can be derived  for a general expression of 

the global error on n steps: 

                                                             𝑒𝑟𝑟𝑜𝑟[𝑥(𝑡 + 𝑛𝛥𝑡)] = 𝑛𝑂(𝛥𝑡3)                                         (𝑒𝑞𝑛 19) [33] 

                                                             𝑒𝑟𝑟𝑜𝑟[𝑣(𝑡 + 𝑛𝛥𝑡)] = 𝑛𝑂(𝛥𝑡3)                                         (𝑒𝑞𝑛 20) [33] 

The global error in position between 𝑥(𝑡) and 𝑥(𝑡 + 𝑇) where 𝑇 is the total time we run the 

algorithm over (𝑇 = 𝑛𝛥𝑡) is: 

                                                  𝑒𝑟𝑟𝑜𝑟(𝑥(𝑡 + 𝑇))  =  
𝑇

𝛥𝑡
𝑂(𝛥𝑡3)  =  𝑂(𝛥𝑡2)                             (𝑒𝑞𝑛 21) [33] 

A similar calculation is done the produce the global error on the velocity which results also in a value 

of 𝑂(𝛥𝑡2).  

Hence, the errors in the velocity algorithm is concluded by the following table: 

Error Position [x] Velocity [v] 
Truncation Error 𝑂(𝛥𝑡3) 𝑂(𝛥𝑡3) 

Global Error 𝑂(𝛥𝑡2) 𝑂(𝛥𝑡2) 
 

Table 1 – Error terms of the velocity Verlet algorithm. The truncation error represents the error on 

each iteration of the algorithm whereas the global error gives the cumulative error on many 

iterations of the algorithm. The truncation error is the same for both position and velocity. The 

global error is also the same for both positions and velocity.   

3.6 Advantages and Disadvantages of the Velocity Verlet Algorithm 

The velocity Verlet algorithm was first introduced in 1982 as an extension to the general Verlet 

algorithm [38]. There are many different algorithms that integrate the equations of motion of a 

system.  

3.6.1 Advantages of Velocity Verlet Algorithm 

The velocity Verlet algorithm is mathematically equivalent to the general Verlet scheme however it 

explicitly incorporates velocity [39]. This solves the first time-step problem of the general Verlet 

algorithm. Velocity Verlet is also not necessarily more memory consuming because it’s not necessary 

to keep track of the velocity at every time step during the simulation [40]. It also has a similar global 

error as the general Verlet algorithm despite being quicker to initiate [33]. This algorithm is also self-

starting using an initial position and an initial velocity which allows easier calculations. The velocity 

Verlet algorithm is time-reversible which is a desirable numerical property that reflects the physical 

reality of the simulation problem [41]. The velocity Verlet algorithm is symplectic which is also a 

good numerical property that will help reflect the physical reality of the system. Symplectic means 

that the method is guaranteed to conserve the total energy in a conservative simulation[42].  

3.6.2 Limitations of Velocity Verlet Algorithm 

The velocity Verlet algorithm is easily applied to conservative forces like the classical harmonic 

oscillator studied in section 3.4. However, unlike Runge-Kutta methods, it is more difficult to 

introduce velocity dependent forces like damping [43]. The simplicity of the velocity Verlet algorithm 
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comes at the expense of accuracy and stability in comparison with some other second-order 

methods. The Runge-Kutta (RK2) method is a comparable second order method that is significantly 

more accurate and the backward differential formula (BDF2) is a second order method that is much 

more stable [44].  

However, for our use of the algorithm the velocity Verlet algorithm is most suitable as the RK2 and 

BDF2 can only be used for certain physical processes. Due to the Runge-Kutta method not being a 

symplectic integrator it cannot be used as an algorithm to integrate the equation of motion in a 

molecular dynamics simulation [45].  

3.7 Choice of Parameters 

The particle is studied starting from the position x(0) = 3. This is a logical position to a particle to 

start within the Lennard-Jones potential as the Lennard-Jones potential goes to infinity as the 

position gets closer to 0 [46]. This means that the position of 3 will have a defined potential value.  

A timestep of 𝛥𝑡 = 0.001 seconds will be used for at least 100,000 steps. Similar timesteps are used 

to solve Newton’s equations of motions to plot a trajectory of a Brownian particle in a Lennard-Jones 

potential [47]. The large nature of the number of steps we perform should give us a better insight 

into the true particle’s trajectory.  

4 Results 

4.1 Mean of Stochastic Process Used 

In order to calculate the acceleration of the particle (during the velocity Verlet algorithm) at specific 

times using the Langevin equation a stochastic process was required. Physically, this term ensured 

that the random force of collisions of the particles was accounted for. Hence, as outlined in section 

3.2, the stochastic package was used to plot our delta-correlated stationary Gaussian process.  

 

Figure 6 – The delta-correlated stationary gaussian process found using the stochastic package. 

Physically representing the random force of collisions that perturbs the system’s acceleration and so 

has to be taken into account using Langevin dynamics.  

As part of the Langevin equation it was assumed that this function had an expectation value of 0. 

This can be verified by fitting a Gaussian distribution to the histogram of the stochastic process 
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displayed in figure 6. Thus, enabling us to calculate the mean value of the function which should be 

close to being 0.  

                                            (A)                                                                               (B) 

 
Figure 7 – (A) Shows the normalised histogram of the stochastic function R(t) with 200 bins plotted. 

This can be visually inspected to infer that it follows a Gaussian distribution. (B) Shows the 

normalised histogram of R(t) with a Gaussian curve of best fit fitted to it.  

The average value of the range each bin covers is taken to be the R(t) value. This is a valid 

assumption due to the large number of bins used in the plotted histogram [48]. This can then be 

plotted using the exact values of each amplitude. Thus, a Gaussian function can be curve fitted to 

match our data using the Gaussian distribution formula:  

                                                                           𝐺(𝑥) = 𝐴𝑒
–

(𝑥–𝑥0)2

2𝜎2                                                            (𝑒𝑞𝑛 22) 

where A is a scaling factor, 𝑥0 is the mean of the distribution and 𝜎 is the standard deviation [49]. 

Using the parameters found by the curve fitting a value for the mean is found to be 0.00019. The 

uncertainty on the best fit parameters are found using the covariance matrix. Hence, the uncertainty 

on the mean is found by taking the square root of the [1,1] element. This gives us a value of 4x10−5 

for the uncertainty on the mean.  

Thus, the value for the mean of the stochastic process R(t) is found to be (19 ± 4) 𝑥10−5. This is 

dimensionless. This is a very small value that can be taken to be 0. Hence, meaning the stochastic 

process shown in figure 7 is verified to be Gaussian with an expectation value of 0.  

4.2 Trajectory of the Particle 

The velocity Verlet algorithm can then be used in tandem with Langevin dynamics to observe the 

time evolution of a particle in the Lennard-Jones potential subjected to solvent effects.  

Assumptions: 

The magnitude of the damping coefficient 𝛾 determines the relative strength of the inertial forces 

with respect to the random external forces [29]. The stochastic Langevin forces mimics the viscous 

aspect of solvents which physically corresponds to collisions between the solvent molecules and the 

solute. Using phase space preobservables on trajectory data it can be shown that the optimal value 

of the damping coefficient is 𝛾=1.8 [27]. This is close to the heuristic choice for a damping coefficient 

of 𝛾=1. The particle is modelled assuming that the damping coefficient is 𝛾=1.8. The particle is also 

assumed to start at rest. This is a valid assumption as the driving force and potential force can be 

presumed to start influencing the particle as soon as the particle starts its motion [50]. 
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Figure 8 –  Time evolution performed by the velocity Verlet algorithm for a single particle in a one-

dimensional Lennard-Jones potential from time t=0 to t=100 seconds with a timestep of 𝛥𝑡 = 0.001 

seconds. This was performed with the particle starting at initial position x(t)=0. The particle is 

assumed to start at rest. The damping coefficient is assumed to be γ = 1.8.   

The particle’s motion seems to diverge to a position of approximately 1.12 after a time of around 70 

seconds. However, when the particle gets sufficiently close to this position it seems to briefly move 

periodically before diverging and staying at the same level.  The significance of the position the 

particle ends up at is due to the Lennard-Jones potential. The equilibrium position of the Lennard-

Jones potential can be calculated by setting the derivative of the potential equal to 0 and solving for 

the value of r which is found to be 𝑟0 = 2
1

6 = 1.122. This value is the distance that the particles in a 

Lennard-Jones potential will experience the minimum force between them [51]. Thus, the particle 

diverging to this value is logical. However, as discussed in section 5.2 the divergent trajectory is not 

expected from theoretical predictions.   

 

Figure 9 – Displays the phase diagram of the particle in the damped Lennard-Jones potential. From 

this figure it is evident that the velocity of the particle is equal to 0 at the start of the motion at x=3 

and at the position the particle diverges to.   

4.3 Position and Velocity Distribution Histograms 

The position and velocity distribution histograms can be calculated using the positions and velocities 

calculated by the velocity Verlet algorithm. These positions and velocities can be normalised 
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resulting in the area covered by the bins being equal to 1. Each histogram was calculated using 40 

bins with 100,000 steps done by the velocity Verlet algorithm. Then in order to get smoother 

histograms these parameters were increased.  

Bin size and step number were increased for the velocity histogram which led to the distribution 

histogram getting smoother. 300 bins were plotted with 1,000,000 velocity Verlet steps taken lead 

to a sufficiently smooth distribution histogram.  

Bin size and step number were increased for the position histogram. However, this did not result in 

the histogram getting smoother. Instead, the value between 1.10 and 1.15 blew up causing the 

other values to become incredibly small and difficult to see. Hence, the distribution histogram of the 

positions cannot be made smoother by increasing these parameters so the distribution is left with a 

step number of 100,000 with 40 bins.  

 

Figure 10 – Shows the normalised position distribution histogram with 40 bins plotted. There is a 

clear tendency for the position to be located in the bin that represents a position between 1.10 and 

1.15. This is due to the equilibrium position of the Lennard-Jones potential outlined in section 4.2.    

  

Figure 11 – Shows the normalized velocity distribution histogram with 300 bins. The number of steps 

ran by the algorithm is increased to 1,000,000 steps in order to make the histogram smooth.  It is 

evident that this is similar shape to a probability curve with a mean at a value around 0.  
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4.4 Average Velocity and Temperature 

Average Velocity: 

Distribution functions are fitted to the velocity distribution histogram in order to calculate the 

average velocity. This will give us a more accurate calculation of the average velocity than using the 

mean of the velocity array as the distribution fitting will minimise the effect outliers have on the 

calculation. Hence, looking at the histogram in figure 11 we can hypothesis that this histogram 

would be well fitted by a symmetric distribution like a Gaussian distribution or a Lorentzian 

distribution. The Gaussian distribution has already been defined in equation 22. The Lorentzian 

distribution can be defined by: 

                                                                  𝐿(𝑥) =
1

𝜋

𝑎

((𝑥– 𝑥0)2 + 𝑎2)
                                             (𝑒𝑞𝑛 23) [52] 

where a is the amplitude of the distribution and 𝑥0 is the mean value of the distribution.  

                                            (A)                                                                               (B) 

 

Figure 12 – Shows the two distribution curves fitted to the velocity distribution histograms. (A) 

Shows the histogram fitted with a Gaussian curve. (B) Shows the histogram fitted with a Lorentzian 

curve. Clearly, the Lorentzian curve (B) is a more suitable fit for this data so the average value 

parameter 𝑥0 from the Lorentzian fit will be used to find the average value of the velocity.   

Using our code, we can find the covariance matrix to obtain the uncertainty on our calculation of the 

average value of the velocity using the Lorentzian fit. The uncertainty on the average value of the 

velocity is the square root of the [1,1] element in the covariance matrix which is calculated to be    

4.3 x10−5m/s.  

Hence, the average value of the velocity is calculated to be (−3.73 ± 0.43) x10−4𝑚/𝑠 .  

Input Temperature: 

Input temperature is calculated using the characteristic thermal energy which we presumed in order 

to simplify the Langevin equation. The equation 𝑘𝐵𝑇 = 1 can be solved to find T when the 

Boltzmann constant, 𝑘𝐵, is taken as 1.38064…x10−23J/K [53]. Hence, the input temperature is 

calculated to be 7.24x1022K to 3 significant figures.  

Observed Temperature: 

The equipartition theorem in equation 5 is rearranged to solve for temperature. This can be written 

as  
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                                                                                   𝑇 =
𝑚𝑣𝑅𝑀𝑆

2

𝑘𝐵
                                                             (𝑒𝑞𝑛 24) 

Where 𝑣𝑅𝑀𝑆 can be written as: 

                                                                    𝑣𝑅𝑀𝑆 = √
𝑣1

2 + 𝑣2
2+. . . +𝑣𝑛

2

𝑛
                                   (𝑒𝑞𝑛 25) [56] 

Hence, using the velocities used to plot the velocity distribution histogram in figure 12 the root 

mean square speed can be found. It is found to be 1.014…m/s. This can be subbed into equation 24 

to find the observed temperature assuming m=1. Hence, the observed temperature is calculated to 

be 7.45x1022K. 

Uncertainties: 

From section 3.5 the global error on the velocity from the velocity Verlet algorithm is 𝑂(𝛥𝑡2) which 

can be approximated to be 1x10−6 as the timestep is 0.001. Hence, each velocity used to calculate 

the root mean square speed has an uncertainty associated with it. This can be propagated through 

equation 25 to find the uncertainty on the value of 𝑣𝑅𝑀𝑆 which will be used to calculate the 

uncertainty on the temperature. This leads to the uncertainty on the temperature to be 2.9x1011K 

shown in section 8.1. This is a very small uncertainty when compared to the observed temperature 

calculated. This could be due to the fact that only the uncertainty from the velocity Verlet algorithm 

was included.  

4.5 Potential of Mean Force 

In order to plot the potential of mean force the position distribution histogram will have to be fitted 

with a curve. From visual inspection of figure 10 it is evident that a standard function like a linear, 

exponential or even Gaussian curve is not a suitable function to fit this data with. Therefore, we 

decide to interpolate the curve which constructs a curve through every data point. This makes the 

implicit assumption that the data points are accurate and distinct [57]. This is a valid assumption to 

make due to the relatively low global errors on the velocity Verlet algorithm discussed in section 3.5. 

However, this does not account for systematic errors incurred throughout the measurements.   

 

Figure 13 – Shows the interpolation fit with respect to the middle of each position histogram bin. 

The bin number of 40 is kept in order to show the accurate fit of the interpolation function to the 

data. The bin number will be increased when solving for the potential of mean force.  
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Using the interpolation data, a function for h(r) the position distribution can be found at specific 

values of r. This can be used in equation 6 along with the observed temperature found in section 4.4 

to find a function for the potential of mean force, 𝑈𝑃𝑀𝐹. This can then be plotted and compared to 

the Lennard-Jones potential.  

 

Figure 14 – Shows the comparison between the potential of mean force (red), 𝑈𝑃𝑀𝐹, and the 

Lennard-Jones potential (blue). They should not be exactly the same as the potential of mean force 

function accounts for solvent effects as well as the interaction potential between the particles. 

Whereas the Lennard-Jones potential only incorporates the intrinsic interaction between the two 

particles caused by itself.  

4.6 Motion of Particle in an Undamped System 

The undamped motion of Brownian particles can be studied in order to give us a better 

understanding of potential errors in our experiment. We observe a particle in the Lennard-Jones 

potential in an undamped system. This means that 𝛾=0. The value for the damping coefficient 

determines the relative strength of the inertial forces with respect to the random external forces 

[29]. Hence, when it is equal to 0 it means that there is no damping nor random force acting on the 

particles in the Lennard-Jones potential. Hence, the only force that exits is the force applied by the 

external potential.  

 

Figure 15 – Shows the particle’s motion in the undamped system where the initial position is 3 and the number 

of steps the velocity Verlet algorithm takes is 100,000 with a timestep of 0.001 seconds. It is also assumed that 

the particle starts with an initial velocity of 0.   
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The periodic nature of the particle’s trajectory is figure 15 is clear. The particle oscillates between 

the initial position x=3 and the lower bound position x=1. The significance of x=1 is clear from 

looking at the diagram of the Lennard-Jones potential. Below x=1 the Lennard-Jones potential is 

repulsive meaning that the particle is pushed away and so the distance begins to increase again. This 

is shown by figure 15.  

 

Figure 16 – Displays the closed phase diagram of the particle in the undamped Lennard-Jones 

potential. Using the same initial conditions and parameters as for figure 15. From this figure it is 

evident that the velocity of the particle is equal to 0 at the start of the motion at x=3 and at the 

position x=1.   

Again, figure 16 can be physically interpreted to show the significance of the various parameters. 

The velocity only becomes 0 at two positions: when the particle is at x=3 the initial position and 

when the particle is at x=1 which is when the particle stops after being repulsed by the interactive 

potential.  

Hence, during when the system is undamped the trajectory is periodic rather than divergent like we 

found for the damped system.  

5 Discussion 

5.1 Comparison of Results with Theory  

In our experiment a stochastic process R(t) was modelled using the stochastic python package. A 

mean value of (19 ± 4) 𝑥10−5 was found by fitting a Gaussian curve to the histogram distribution of 

this function. This is a very small value which can be approximated to 0 which means we can verify 

that the stochastic function that we fitted was a stationary Gaussian process with zero-mean. This 

signifies that this function can be used in the Langevin equation (equation 1).  

We observed that the motion of a particle in a damped Lennard-Jones potential was divergent. The 

particle diverged to a position after around 70 seconds. We found the average position of the 

particle between 70 and 100 seconds was 1.122… which agrees with the equilibrium position of the 

Lennard-Jones potential to 5 significant figures [51]. This makes some physical sense as after a 

certain amount of time the particle ends up in the equilibrium position of the interactive potential. 

However, generally the trajectory of a Brownian particle should be periodic so that energy is 

conserved [58] [59]. Some periodic motion was observed in our graph however shortly after this 
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periodic motion the particle diverged to the equilibrium position. The phase diagram of the 

undamped particle (figure 9) clearly shows the particle’s trajectory is divergent meaning the periodic 

motion we observe is not representative of the overall motion.  

The distribution function of the position of the particle and the velocity of the particle were also 

found. The position distribution histogram had a large value between a position of 1.10 and 1.15. 

This was due to the particle’s motion diverging to the equilibrium position between these position 

values. Hence, our position distribution function g(r) had a peak around the equilibrium position. 

This property is matched in the analytical solution for the radial distribution function for the 

Lennard-Jones potential at both high and low temperatures [60]. A large peak around the 

equilibrium position of the Lennard-Jones potential is also observed in the radial distribution 

function in the Lennard-Jones fluid using a general equation with limiting conditions of zero density 

and infinite distance imposed by statistical thermodynamics [61]. However, both these theoretical 

calculated radial functions display a periodic nature directly after the peak [60] [61]. This is 

something that is not evident in the radial distribution function found in our experiment. This is a 

direct result of the lack of periodic motion we found in the trajectory of the particle. The distribution 

of the velocity histogram was fitted with a Lorentzian function with a mean of around 0. This 

matches the histograms found by studying the Lennard-Jones potential with the Berendsen 

thermostat [62].  

The average velocity of the particle under the influence of the Lennard-Jones potential was 

calculated to be (−3.73 ± 0.43) x10−4𝑚/𝑠 . This agrees with the study of Argon particles in the 

Lennard-Jones potential in which the average velocity becomes 0m/s at a critical temperature [63]. 

The value for average velocity we calculated is very close to 0 so it agrees with theoretical 

predictions.  

The observed temperature in the system was found to be 7.45x1022K. The uncertainty on this value 

was found to be very small as only the global error on the velocity Verlet algorithm was taken into 

account. It did not include any potential uncertainty in the velocity distribution histogram. This was 

of the same order as the input temperature which was calculated to be 7.24x1022K using the 

characteristic thermal energy. Hence, the input temperature and the observed temperature can be 

approximated to be around the same value. This justifies the assumption made at the start of the 

experiment in section 3.2 that the energy unit is equal to the characteristic thermal energy.  

The potential of mean force of the system was also found and compared to the Lennard-Jones 

potential. The potential of mean force considers solvent effects as well as the intrinsic potential 

which means that it will not exactly match the Lennard-Jones potential curve. However, the overall 

shape should be similar due to the Lennard-Jones potential being the main contributor to the force 

experience.  Our potential of mean force matches the position of the minimum potential around 

1.12m which is a direct result of our observed trajectory diverging to this value. However, our 

potential of mean force does not match the potential of mean force found by observing a system of 

64 Lennard-Jones particles evolving via both inertial dynamics and overdamped dynamics [64]. A 

similar radial distribution function can be seen by studying sodium and chloride ions in supercritical 

water however the potential of mean force is very different to our calculation [65]. This perhaps 

means that our assumption that the position histogram points were accurate was invalid which then 

means that the interpolation method used is not accurate.  

The simplified case of the system being undamped was studied in section 4.6 in order to try to verify 

that the trajectory found in section 4.2 should be periodic. For the undamped case a periodic 

trajectory was found. A closed loop was observed in the phase diagram. This adheres to the law of 
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conservation of energy [66]. Both the position trajectory (figure 15) and the phase diagram (figure 

16) distinctly match predictions calculated using recurrent neutral networks with large timesteps 

[67]. This verifies our velocity Verlet algorithm when the force is only dependent on the interaction 

potential. This gives us a better understanding of potential errors in calculating the trajectory of the 

particle in the damped case.  

5.2 Reasoning Behind Discrepancies with Theoretical Predictions  

The main discrepancy of the results found during our experiment and theoretical predictions was 

that we found the particle’s trajectory to be divergent. Theoretical predictions indicate that this 

should be periodic. This seeming error then lead to an inaccurate position histogram which in turn 

lead to the potential of mean force being unlike other calculations of the mean force.  

The interpolation method used to calculate the potential of mean force is valid when the data points 

from the position distribution function are accurate and distinct. However, due to the divergent 

nature of our particle’s trajectory we hypothesised that the position distribution function is not as 

accurate as required. Nonetheless, had the values from the position distribution been more accurate 

this method would be valid in order to find the potential of mean force.   

The undamped case is verified by theoretical predictions. This highlights that our velocity Verlet 

algorithm is correct when the force is only dependent on the interactive Lennard-Jones potential. 

Therefore, the mistake that led to an incorrect divergent trajectory is due to a systematic error in the 

way the damping and random forces were defined. 

6 Conclusion 

This experiment studied the one-dimensional motion of a particle in the Lennard-Jones potential 

using the velocity Verlet algorithm. Through the use of Langevin dynamics and the Lennard-Jones 

potential the contribution of external solvent forces to the acceleration of the particle is calculated.  

In summary, the trajectory of the particle was found to be divergent which does not match 

theoretical predictions. These theoretical predictions state that the trajectory should be periodic in 

order to satisfy the conservation of energy [58] [59]. By studying the motion of the undamped case, 

it is hypothesised that a systematic error has been made related to the damping and random force 

defined within the velocity Verlet algorithm. This could be improved with an in-depth study of the 

effect these forces have on the overall trajectory of the particle using different initial conditions. It 

could also be improved by comparing results with different algorithms like a velocity Verlet half-step 

method.  

The average velocity of the particle under the influence of the Lennard-Jones potential was found to 

be (−3.73 ± 0.43) x10−4𝑚/𝑠 which agreed with theoretical predictions [63]. The observed 

temperature in the system was found to be 7.45x1022K which agreed with the input temperature 

calculated using the characteristic thermal energy.  

The potential of mean force of the system was also found and compared to the Lennard-Jones 

potential. It was found that the potential of mean force calculated was different to other 

experimental values found using different methods [64] [65]. The cause of the error on this function 

is due to the potential of mean force being directly dependent on the position distribution function 

which is derived from the trajectory of the particle.  

These results seem to naturally lead to a need for further research into the algorithms that can be 

used to solve Langevin’s equations of motion. The limitations of each algorithm could be studied. 
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8 Appendix 

8.1 Derivation of the Uncertainty on Temperature 

By equation 25,  

𝑣𝑅𝑀𝑆 = √
𝑣1

2 + 𝑣2
2+. . . +𝑣𝑛

2

𝑛
 

therefore, using propagation of error formula with 𝑣𝑅𝑀𝑆 as the general function we find: 

𝛥𝑣𝑅𝑀𝑆 = √
1

𝑛
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) 

𝛥𝑣1 = 𝛥𝑣2 =. . . = 𝛥𝑣𝑛 = 1x10−6 
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Calculating the partial derivatives, we find: 

𝜕𝑣𝑅𝑀𝑆

𝜕𝑣1
=

𝑣1

√𝑣1
2 + 𝑣2

2+. . . +𝑣𝑛
2
 

Other partial derivatives follow a similar style hence,  

𝛥𝑣𝑅𝑀𝑆 = √
1x10−6

𝑛
((
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2 + 𝑣2

2+. . . +𝑣𝑛
2

)

2

+ (
𝑣2

√𝑣1
2 + 𝑣2

2+. . . +𝑣𝑛
2

)

2

+. . . + (
𝑣𝑛

√𝑣1
2 + 𝑣2

2+. . . +𝑣𝑛
2

)

2

) 

Which can be simplified to become: 

𝛥𝑣𝑅𝑀𝑆 = √
1x10−6

𝑛 (𝑣1
2 + 𝑣2

2+. . . +𝑣𝑛
2)

 ( (𝑣1)2 + (𝑣2)2+. . . +(𝑣𝑛)2 ) 

The factor of ( (𝑣1)2 + (𝑣2)2+. . . +(𝑣𝑛)2 ) cancels to leave: 

𝛥𝑣𝑅𝑀𝑆 = √
1x10−6

𝑛 
  

Where n is the number of steps ran by the velocity Verlet algorithm which is 1,000,000 as we 

increased the velocity Verlet steps to smooth the velocity distribution histogram. This gives a value 

of 𝛥𝑣𝑅𝑀𝑆 = 1x10−6. This can then be propagated through equation 24 to find the uncertainty on 

the observed temperature: 

(
𝛥𝑇

𝑇
)

2

= (2
𝛥𝑣𝑅𝑀𝑆

𝑣𝑅𝑀𝑆
)

2

 

This can be solved for 𝛥𝑇 to be 2.9x1011K. 
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8.2 Experimental Code 
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